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We combine state-of-the-art large-scale first principles calculations with a low-energy continuum
model to describe the nearly flat bands of twisted bilayer graphene at the first magic angle θ =1.08◦.
We show that the energy width of the flat band manifold, as well as the energy gap separating it
from the valence and conduction bands, can be obtained only if the out-of-plane relaxations are fully
taken into account. The results agree both qualitatively and quantitatively with recent experimental
outcomes.
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I. INTRODUCTION
The Moire´ patterns originating from the commensu-
rate rotation of two graphene layers with respect to each
other have revealed, at small twist angles θ, that the
Dirac cone picture breaks down1–3. Twisted Bilayer
Graphene (TBG) at the ”magic angle” θ ∼ 1.08◦ shows
almost flat bands (FBs) at the Fermi energy, with a mea-
sured bandwidth as small as ∼ 10 meV. The FBs mani-
fold can host up to four electrons above the Fermi energy
and four holes below it and is separated by an energy gap
of ∼ 50 meV from both higher and lower energy bands.
When an external gate tunes the system chemical po-
tential within these gaps, a clear band insulating phase
appears. A second, unexpected, insulating phase shows
up at half-filling of the FB manifold, both on the elec-
tron and on the hole side (±2 electrons with respect to
charge neutrality). After electrostatic doping, achieved
by gating the structure, unconventional superconductiv-
ity, with a 1.7 K critical temperature, appears in a strong
pairing regime, with a phase diagram very similar to
that of the underdoped cuprates. The latter two features
are attributed to enhanced electron-electron or electron-
phonon interaction within the FBs, respectively, and are
currently under study4,5.
This remarkable scenario reveals how the twist angle
can be used as a further degree of freedom6 to combine
two-dimensional (2D) materials exhibiting vertical stack-
ing, to implement desired properties7–10. The twisted
lattice geometry gives rise to topological properties of
TBG11–13, by contrast to conventional topological ma-
terials14, where topological properties are mostly due to
spin-orbit interactions15,16 and Brillouin zone topology.
In this paper we focus on the band insulating phase,
that requires an accurate description of the single-
electron properties determining the band structure of
the TBG. These electronic properties have been ad-
dressed mostly adopting continuum effective models, fo-
cusing only on low-energy states17–22, tight binding23–28
or calculations using time-dependent Schro¨dinger ap-
proaches29,30. The point is that the unit cell, at the
first magic angle θ = 1.08◦, contains 11164 atoms, and
this makes it impossible to perform a full many body
calculation (details about the lattice geometry and the
reciprocal space can be found in appendix A). Moreover,
even a full description of the system in the framework
of ab-initio density functional theory (DFT), including
atomic relaxations, remains challenging (the correspond-
ing supercell is described by an hexagonal lattice with an
in-plane lattice parameter of ∼ 120 A˚). To the date, there
are very few first-principles calculations11,27 on TBG at
small twist angles. For example, in Ref. 27 the energy
bands obtained from DFT calculations carried out on the
unrelaxed structure, are reported. However, the ab initio
results at the magic angle θ ∼ 1.08◦ show no gap between
the FB manifold and the closest lower band, although a
band set consistent with the experimental outcomes is
reproduced at a larger angle, θ = 1.30◦, corresponding
to a smaller unit cell (7804 atoms to be contrasted with
11164 at the first magic angle). However, since the exper-
imental uncertainty over the measured angle in Ref. 1 is
of the order of ∆θ ∼ 0.01◦−0.02◦, a thorough theoretical
description at 1.08◦ is demanding.
In this manuscript we present a fully ab initio DFT
calculation of the electronic structure of TBG at θ =
1.08◦ showing that a band structure consistent with that
measured in Ref. 1 is obtained provided that the out-
of-plane atomic relaxations are fully taken into account.
In particular, the occurrence of energy gaps between the
FBs and the lower and higher energy bands emerge as a
direct consequence of the corrugation due to the out-of-
plane displacements.
Such result is strictly related with the nature of the
FBs close to the Fermi energy: indeed, we can infer that
the appearance of these bands is the result of the inter-
layer vdW interaction, whose effect can be tuned by con-
trolling the twist angle. The out-of-plane relaxation of
the atomic positions obviously modifies the strength of
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2FIG. 1. Color map of the top layer relaxation (color la-
bels are expressed in A˚ and correspond to the difference
∆z = z−zavg between the actual z coordinate and the average
coordinate zavg in the top plane) as obtained from first princi-
ples DFT calculations. AA and AB/BA stacking regions are
highlighted, as well as the supercell sides L1,L2.
the interaction, as we are going to discuss in the follow-
ing.
The paper is organized as follows. In sec. II we de-
scribe the ab-initio calculation with particular attention
to the geometric optimization of the superlattice. In
Sec. III we introduce the low energy effective contin-
uum model of Ref.s 17–22 and specialize it to describe
our optimized structures. In Sec. IV we show our nu-
merical results. In Sec. V we summarize our findings.
Appendices A, B and C describe details of the geometri-
cal structure, of the DFT ab initio calculation and of the
low energy continuum model, respectively.
II. GEOMETRIC OPTIMIZATION
Although previous studies have pointed out that the
atomic corrugation due to inter-plane vdW interaction
might have relevant effects on the band structure and on
the effective point symmetries28,31–33, they were mainly
based on molecular dynamics and classical interatomic
potentials25,34,35, which, as such, can only give a partial
answer to the problem posed.
Here, DFT calculations, using the vdW-DF2 exchange-
correlation functional36, have been carried out using the
Vienna Ab initio Simulation Package (VASP)37. The
atomic positions have been fully optimized, as detailed
in appendix B. The calculation required from 2880 (dis-
tributed over 80 nodes) up to 5760 physical cores (dis-
tributed over 160 nodes) of a Cray XC-40 machine, over
a period of about 30 days.
The outcome of the geometry optimization is depicted
in Fig. 1, where we use a color map to show the out of
plane deformation of the top layer. Inspection shows that
atomic relaxation tends to increase the interplane dis-
tance in correspondence to the AA stacking regions, and
to decrease it in the AB regions. Out-of plane displace-
ments are modulated on length scale, intermediate be-
tween the Moire´ and the graphene periodicity, and seem
to be in agreement with the emergent D6 symmetry de-
scribed in Ref. 28. As we will show in the following, these
geometric properties have severe consequences on the
electronic band structure of the system. Details on the
optimized structure are shown in Fig. 2. In the top pan-
els we illustrate the characteristics of the TBG top plane:
in particular, in Fig.s 2(a)-(b) we show the corrugation
profile respectively along the line s1 = s (L1 + L2) , 0 ≤
s ≤ 1 and the line s2 = L1+s (L2 − L1) , 0 ≤ s ≤ 1 (both
shown in Fig. 1). In Fig. 2(c) we show an histogram rep-
resenting the atomic population binned according to the
z-coordinate of the atoms. The same features are shown
in Fig.s 2(d)-(e)-(f) for the the TBG bottom plane. The
corrugations show clear oscillations, along the lines s1
and s2, however a simple analytical expression interpo-
lating between the atomic position is not easily acces-
sible, due to large harmonic content of the oscillatory
behavior. The peaks of the histograms define an aver-
age z-coordinate ztopavg for the top and z
bottom
avg for the bot-
tom plane. Their difference defines the average interlayer
spacing ztopavg−zbottomavg = 3.408 A˚ that is half way between
the equilibrium distances of 3.31 A˚ and 3.496 A˚ between
consecutive planes in graphite with AB Bernal and AA
stacking, respectively (both calculated using the same
vdW-DF2 exchange-correlation functional). Within each
plane, the atomic displacements occur within an interval
of about 0.2 A˚ (±0.1 A˚ with respect to the average z in
each plane).
III. EFFECTIVE CONTINUUM MODEL
For increasing the understanding of the ab initio re-
sults, we also describe a continuum model generalizing
the model proposed in Ref.s 17, 20–22, providing an effec-
tive low-energy band structure which shows a remarkable
agreement with the DFT calculation. Our results can be
viewed as an accurate single-particle description of TBG
at the first magic angle and used as starting point for a
full many-body calculation taking into account electronic
correlations. In the following we shortly summarize the
3FIG. 2. Analysis of the atomic corrugation. In the top panels we illustrate the characteristics of the top plane: (a) corrugation
profile along the line s1 = s (L1 + L2) , 0 ≤ s ≤ 1 shown in Fig. 1. ∆z = z − zavg is the deviation of the z coordinate with
respect to the average z of the top plane, zavg. Thin dashed lines correspond to real atomic z-coordinate, while full colored
lines are interpolating functions. (b) Corrugation profile along the line s2 = L1 + s (L2 − L1) , 0 ≤ s ≤ 1 shown in Fig. 1. (c)
The histogram represents the atomic population binned according to the ∆z. The same features are shown in panels (d), (e)
and (f), respectively, for the the bottom plane, with ∆z built according to the average z coordinate of the bottom plane.
model, referring to Refs. 18, 21, and 22 for further de-
tails. At small twist angles, the Moire´ period LM is much
longer than the lattice constant a. The superlattice Mini
Brillouin Zone (MBZ) extends over a tiny small area of
the graphene BZ, and it is an hexagon whose vertices
are the two Dirac points K
(1)
ξ and K
(2))
ξ of the two lay-
ers after rotation (compare small and large hexagons in
Fig. A2), where ξ = ±1 is the valley index. Close to these
points the single-layer graphene spectrum can be safely
assumed to be linear and a low energy (long wavelength)
Hamiltonian of each layer l = 1, 2 can be used:
H
(l)
ξ (k) = −~vF
{
R
[
(−1)l+1θ/2] (k−Kξ)} · (ξσx, σy)
(1)
where ~vF /a = 2.1354 eV and σx, σy are Pauli’s matri-
ces. In the following we neglect the intervalley mixing,
because of the huge distance between the two graphene
valleys on the MBZ scale. Hence each valley can be stud-
ied separately. In the presence of inter-layer interaction
the bilayer system can be described by the matrix Hamil-
tonian
Hξ(k) =
(
H
(1)
ξ (k) U
†
ξ
Uξ H
(2)
ξ (k)
)
. (2)
The off-diagonal coupling terms are expressed in terms of
overlap integrals u, u′ (see appendix C). The parameters
u and u′ are calculated in Ref. 22 at k = K(l)ξ and kept
constant when calculating the band structure for all the
k points in the MBZ. As the MBZ is a small hexagon
of side
∣∣∣K(1)ξ −K(2)ξ ∣∣∣ ∼ ∣∣∣K(l)ξ ∣∣∣ θ, it seems to be a reason-
able approximation, in particular at small twist angles.
In our calculations, in order to give a minimal model
capable of describing (at least) the low energy proper-
ties of the ab-initio band structure, we do not calculate
u, u′ but use them as fitting parameters. In the follow-
ing we will show that the fitted parameters are relatively
close to (but quantitatively different from) those obtained
performing the hopping integrals shown in the appendix
C. Such discrepancy can be ascribed to the fact that a
low energy effective model obtained expanding a tight-
binding Hamiltonian around the Kξ point does not entail
all the complexity of the full-ab-initio approach, but nev-
ertheless can constitute a relevant tool to get closer and
closer to the desired solution, with an accurate choice of
the model parameters.
The wave function is calculated as a linear superposi-
tion of plane waves of momentum G where G are recip-
rocal lattice vectors. The G point expansion extends, in
principle, over the full (infinite) set of G vectors. How-
ever, for numerical purposes this set has to be truncated.
We choose a cutoff radius Gcut, and keep only the G vec-
tors inside the sphere of radius Gcut. It turns out that
the number NG of required vectors to converge the low-
est energy states is rather small. The low-energy contin-
uum Hamiltonian matrix has the dimension D = 4NG,
and NG = 19 (as in the example reported in the fig-
ure) allows for a good convergence in an energy shell of
few hundreds on meV around the Fermi energy, whereas
full convergence, i.e. band energies converged within less
4FIG. 3. (Left) Unrelaxed band structure along the K − Γ−M −K′ line as derived from the continumm model (solid red and
gray lines represent bands deriving from ξ = 1 and ξ = −1 valleys, respectively). Blue dots are the results of the ab initio
calculation. (Right) Zoom around the Fermi energy of the top panel, highlighting the nearly FB. Zero energy corresponds to
the Fermi level. The orange-shadowed regions correspond to the energy ranges of the DFT gaps. Note the absence of any gap
between the four flat bands and the low energy part of the spectrum.
than 1 meV, is achieved with NG = 37.
IV. RESULTS AND DISCUSSION
In Fig. 3 we represent the band structure calculated
in the absence of structural relaxation. The blue dots
are the outcome of a DFT ab-initio calculation, while
the full curves are obtained diagonalizing the continuum
model in the two valleys: ξ = ±1. The parameters
u = u′ = 0.1085 eV are obtained after the fitting pro-
cedure on the ab-initio points. The results show a rea-
sonable agreement between these two approaches. Here
we discuss some relevant features emerging from our nu-
merical calculations.
First of all we may notice that the FB has a dispersion
of ∼ 20 meV (calculated ab-initio) which is almost twice
as the one measured in the experiment of Ref. 2. Another
relevant issue is that the unrelaxed ab-initio calculation
is not able to reproduce the gap between the FB and the
first excited bands (both on the electron and on the hole
side) that are responsible for the band insulating phases.
Our calculation performed adopting the low-energy con-
tinuum model shows a good agreement with the ab-initio
calculation and reproduces all its relevant features. Few
discrepancies shows up, only when zooming in the very
fine details of the FB (see the bottom panel of Fig. 3),
that are not relevant as they do not change the way the
data compare with experiments. However, these results
point in the direction that it is not possible to interpret
experimental data using an unrelaxed structure.
Relaxation of the structure drastically changes the
scenario, with a substantial agreement with the exper-
iments. Plots of the relaxed band structures are shown
in Fig. 4. The parameters u = 0.0761 eV, u′ = 0.1031 eV
are again obtained fitting the ab-initio band structure.
The FB, now extends for ∼ 12 meV around the Fermi
level (calculations performed with larger supercells with
z-axis = 12 and 14 A˚ show that this number is subject
to an error of approximately 3 meV). That bandwidth is
in good agreement with the one measured in experiments
(≤ 10 meV, see Ref. 1). It is separated by a gap of 26
meV (16 meV) from the highest occupied (lowest unoccu-
pied) bands to be compared with the thermal activation
gap of ∼ 40 meV measured in experiments. Such discrep-
ancy is not much larger than the convergence error in the
5FIG. 4. (Left) Relaxed band structure along the K − Γ −M −K′ line as derived from the continuum model (solid red and
gray lines represent bands deriving from ξ = 1 and ξ = −1 valleys, respectively). Blue dots are the results of the ab initio
calculation. (Right) Zoom around the Fermi energy of the top panel, highlighting the nearly FB. Zero energy corresponds to
the Fermi level. The orange-shadowed regions correspond to the energy ranges of the DFT gaps. Note the opening of the gap
between the four flat bands and the low energy part of the spectrum, caused by the relaxation of the atomic coordinates.
DFT calculations. It is clear that the vdW inter-plane
interactions, despite being weak, play a crucial role in de-
termining the details of the TBG at the meV level. This
is confirmed by the computed charge transfer, shown in
Fig. 5. It is defined as ∆ρ(r) = ρ(r) − ρ1r) − ρ2(r)
where ρ(r) is the total charge density of TBG, whereas
ρi(r), i = 1, 2 are the charge densities of the top and bot-
tom plane, respectively, calculated removing the other
plane from the supercell at frozen atomic positions. Fig.
5 shows the average charge transfer over planes orthogo-
nal to the z axis. It turns out that an electronic charge
depletion shows up in correspondence of both planes and
most of the charge is redistributed in the interplane re-
gion.
V. CONCLUSIONS
To summarize, our calculations can finally give a clear
explanation of some of the most striking features of the
electronic structure of TBG at the first magic angle
θ = 1.08◦. In particular, the extension of the FBs and
the presence of band gaps separating them from excited
FIG. 5. Computed DFT charge transfer: positive (negative)
values correspond to filling (depletion) of electron charge
states, both on the negative and positive energy side,
can be explained successfully in terms of atomic out-of-
plane displacements. By allowing a full ab initio struc-
tural optimisation, a non-negligible atomic corrugation
6shows up in both the graphene layers. As expected from
simple electrostatic arguments, the interlayer distance
gets larger (smaller) in correspondence of AA (AB/BA)
stacking regions, with a maximum (minimum) distance
of ∼3.68 A˚ (3.28 A˚). Such corrugation is a direct con-
sequence of the interplay between vdW interaction and
twisting of the graphene layers. It implies a decrease
of the FB bandwidth of ∼ 4 meV and induces gaps be-
tween the FB and the closer bands, in good agreement
with the experimental findings. Our ab initio results can
also be interpreted in terms of a simple continuum model
in which interplane hopping potentials have been used as
fitting parameters. This simple model reproduces with
reasonable accuracy the electronic structure and could
pave the way for further investigations, to better describe
also the other relevant phases of the TBG at small twist
angle, i.e. the superconducting and the correlated insu-
lating one.
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Appendix A: Lattice Geometry and Reciprocal
Space
Let ai, i = 1, 2 be the vectors defining the graphene
primitive cell, where a1 = a(1, 0), a2 = a(1/2,
√
3/2) and
a ∼ 0.246 nm is the lattice constant. The correspond-
ing reciprocal lattice vectors are b1 = (2pi/a) (1,−1/
√
3),
and b2 = (2pi/a) (0, 2/
√
3). In the absence of geometric
relaxation, let us consider, as starting point, the unro-
tated bilayer, with perfect AA stacking (each C atom in
the first layer laying exactly on top of a C atom in the
second layer). Choosing a pair of stacked C atoms, each
belonging to one of the layers, the twisted bilayer at an-
gle θ can be obtained by rotating the first and the second
layer around the axis passing through these atoms (that
indeed are fixed points of the rotation), by −θ/2 and θ/2
respectively. After rotation, the Bravais direct lattices
of the first and of the second layer are described by the
vectors a
(l)
i = R(∓θ/2)ai and the reciprocal lattice by
the vectors b
(l)
i = R(∓θ/2)bi where l = 1, 2 identifies
the layer and R(θ) is a two-dimensional matrix describ-
ing the rotation by θ. For an arbitrary rotation angle,
the resulting structure shows a Moire´ pattern but is ape-
riodic and cannot be described through a Bravais lat-
tice because the periods of the two layers are, in general,
incommensurate. However, periodic structures can be
achieved when θ is the angle between two lattice vectors
d1 = na1+ma2 and d2 = ma1+na2 with (n,m) being an
arbitrary pair of integers. The points at d1 and d2 merge
after the rotation of the two planes and the lattice vec-
tors of the Moire´ supercell (MS) are thus given by L1 =
na
(1)
1 +ma
(1)
2 = ma
(2)
1 + na
(2)
2 and L2 = R(pi/3)L1. The
rotation angle can be expressed in terms of the integers
n,m as 2 cos θ = (m2 +n2 + 4mn)/(m2 +n2 +mn). The
magic angle θ = 1.08◦ corresponds to (n,m) = (31, 30),
with the number of atoms in the unit cell given by N =
4 |(L1×L2)|/|(a1×a2)| = 11164. As n = m+ 1, the lat-
tice constant L = |L1| = |L2| = a|m − n|/ [2 sin(θ/2)] ∼
12.78 nm is coincident in this case with the Moire´ pattern
period LM = a/ [2 sin(θ/2)].
21
The top panel of Fig. 1 shows the atomic structure of
the TBG at θ = 1.08◦ (four unit supercells are shown).
The Moire´ patterns originating from regions with differ-
ent stacking are highlighted: AA and AB/BA, AB (BA)
corresponding to the stacking of a C atom in the top
(bottom) layer and the center of an hexagon in the other
layer.
The reciprocal lattice vectors for the Moire´ pattern
are obtained as Gi = b
(1)
i − b(2)i (i = 1, 2). The re-
sulting Mini Brillouin Zone (MBZ) is shown as a dark
hexagon in the center of Fig. A2. It should be no-
ticed that the Brillouin zones (BZs) of the two graphene
layers are rotated with respect to each other by the
same angle as the graphene layer themselves, as shown
in Fig. A2 (blue and orange bigger hexagons). As
such, each graphene layer l = 1, 2 has its Dirac points
at K
(l)
ξ = −ξ(2b(l)1 +b(l)2 )/3 where ξ = ±1 labels the val-
ley index. For example, in the same figure we show the
K points at the ξ = −1 valley for both layers. It turns
out that the K
(1)
ξ −K(2)ξ coincides with one of the sides
of the MBZ.
FIG. A1. (Top) The Moire´ pattern originating from the su-
perposition of two graphene layers after rotation by the com-
mensurate angle 1.08◦. AA and AB/BA stacking regions are
highlighted, as well as the supercell sides L1,L2. Blue (red)
dots represent atoms in the top (bottom) plane.
7FIG. A2. The reciprocal lattice of the Moire´ supercell. The
central Mini Brillouin Zone is highlighted with a dark hexagon
and periodically replicated (light gray hexagons). The rota-
tion angle is θ = 6.009◦ corresponding to (n,m) = (6, 5) (a
larger angle than the first magic angle is considered to produce
a more clear representation of the MBZ). ξ = ±1 denotes the
valley in the BZs of the single layers, and K
(l)
ξ the K point
of layer l = 1, 2 at valley ξ. The bigger (blue and orange)
hexagons represent the BZs of the layers after rotation and
the rotation angle θ is highlighted. Red dots correspond to a
uniform grid of G vectors of the supercell reciprocal lattice.
Only G vectors up to a given distance from a K point (red-
shaded circle) are included in the expansion required in the
continuum model (see text).
Appendix B: DFT Ab-initio calculations
Density Functional Theory calculations, using the
vdW-DF2 exchange-correlation functional36, have been
carried out using the Vienna Ab initio Simulation Pack-
age (VASP)37. We used a PAW potential38,39 for car-
bon with the 2p orbitals in valence, and the 1s orbitals
frozen in the core. The single particle Bloch waves were
expanded with a plane wave basis set, using a cutoff en-
ergy of 400 eV. Sampling of the BZ for the self-consistent
(SCF) calculations was restricted at the Γ point. Single-
particle energies at other points in the BZ were obtained
by non-SCF calculations. Because of the size of the simu-
lation cell, we could only compute one k-point at a time,
and the reported single-particle energies were therefore
referred to the Fermi energy computed as the energy at
the K point. The size of the supercell in the direction
orthogonal to the layers (z-axis) was initially fixed at 10
A˚, corresponding to about 6.5 A˚ vacuum space, intro-
duced to prevent periodic replicas of the TBG supercell
from interacting with each other. Full relaxation of the
atomic positions was carried out until the residual forces
were smaller than 0.002 eV/A˚. Additional calculations
were repeated using supercells with z-axis of 12 A˚ and
14 A˚. A small residual (maximum) relaxation of less than
0.002A˚ was observed as the z-axis was increased to 12 A˚,
but no further relaxation was detectable with the largest
14 A˚ vacuum space. The initial relaxation was carried
out using 2880 physical cores distributed over 80 nodes
of a Cray XC-40 machine, over a period of about 30 days.
Calculations with 14 A˚ vacuum required 5760 cores on
160 nodes to accommodate the extra memory require-
ments. All symmetries were turned off.
Appendix C: Effective Continuum model
In the presence of inter-layer interaction the bilayer
system can be described by the matrix Hamiltonian
Hξ(k) =
(
H
(1)
ξ (k) U
†
ξ
Uξ H
(2)
ξ (k)
)
. (C1)
The interlayer Hamiltonian is
Uξ =
(
UA2A1 UA2B1
UB2A1 UB2B1
)
= (C2)
=
(
u u′
u′ u
)
+
(
u u′ω−ξ
u′ωξ u
)
eiG1·r +
+
(
u u′ωξ
u′ω−ξ u
)
ei(G1+G2)·r,
with ω = ei2pi/3. It couples each k point of the 1st layer to
a k′ point of the 2nd layer according to the selection rules
k′ = k,k+G1,k+G1 +G2. The coefficients u, u′ are
given in Ref. 22:
u(k) = − 1
S0
∫
t (R+ d(R)ez) e
−ik·Rd2R (C3)
u′(k) = − 1
S0
∫
t (R+ d(R− τ 1)ez) e−ik·Rd2R
where S0 =
√
3/2a2 is the unit cell area of the pristine
graphene and t (R) is the transfer integral between two
sites at distance R, originating from the Slater-Koster
tight binding parametrization for pz carbon atoms:
t(R) = −Vpppi
[
1−
(
R · zˆ
R
)2]
− Vppσ
(
R · zˆ
R
)2
,(C4)
Vpppi = V
0
pppie
(R−a0)/r0 , Vppσ = V 0ppσe
(R−d0)/r0 .
Here r0 = 0.184a is the decay length of the transfer
integral, a0 = a/
√
3 is the first-neighbor distance in
graphene, d0 = 0.335 nm is the intralayer distance, cho-
sen in agreement with that of graphite. V 0pppi = −2.7eV
and V 0ppσ = 0.48eV are the in-plane and out of plane
nearest-neighbours hopping energy as from Ref. 21. We
seek for solutions of the kind:
ψA1nk(r)
ψB1nk(r)
ψA2nk(r)
ψB2nk(r)
 =
∑
G

cA1nk(G)
cB1nk(G)
cA2nk(G)
cB2nk(G)
 ei(k+G)·r . (C5)
The G point expansion extends, in principle, over the
full (infinite) set of G vectors. However, for numerical
8purposes this set has to be truncated. We choose a cut-
off radius Gcut, and keep only the G vectors inside the
sphere of radius Gcut. This is schematically shown in
Fig. A2, where the shadowed circle of radius Gcut in-
cludes the subset of G vectors, represented by the red
dots. It turns out that the number NG of vectors to con-
verge the lowest energy states is rather small. The low-
energy continuum Hamiltonian matrix has the dimension
D = 4NG, and NG = 19 (as in the example reported in
the figure) allows for a good convergence in an energy
shell of few hundreds on meV around the Fermi energy,
whereas full convergence, i.e. band energies converged
within less than 1 meV, is achieved with NG = 37.
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